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Evidence from exact enumeration series is presented to support the_hypqthgsis that f’the )
functional form of spin-spin correlations for three-dimensional zei‘bffiéid fsing ferromagnets
in their high~temperature critical region is independent of lattice and spin maghitide:

I. INTRODUCTION

There is strong evidence, both theoretical! and
experimental, ? that the critical properties of a
system undergoing a thermodynamic phase transi-
tion depend crucially on both the spatial dimension=
ality of the system and the symmetry of the order=
ing in the ordered phase.® In order to develop &
first-principles theory of the critical region, it is
important to know within these restrictions, i.é.,
for fixed dimensionality and symmetry, just how
universal critical behavior is,*

Are critical properties independent of such de-
tails as spin magnitude and lattice type, or are
they not? Results based on exact perturbation
series for magnetic models strongly suggest that
the critical exponents are independent of lattice
type. "' The evidence that the exponents do not de-
pend on spin magnitude is somewhat weaker but
still convincing.®'? The logically next and strohger
hypothesis is that the functional forms of the equa-
tion of state and of the critical correlations are
universal, Recent series evidence suggests that
the equation of state is lattice independent both
above and below 7T,.® We present below evidence
that the critical correlations are universal with

respect to lattice type, and we ihvestigate their
depetidenice on §pin maghitude.
il. MOMENT-RATIO TEST

It is generally believed that the critical spin-spin
¢orrelation function of the three-dimensional Ising
model ifi zero magnetic field has the spherically
gymmetrical scaling form®

L(E, T) =(S883) = (SiXS) = @/M"D(ker) , (1)

where 7= IT|, thé inverse correlation length K(T)
=¢4(1) = kye”, €=1=T,/T, 1 and v are the conven-
tionally defined! critical indices, and T,, k,, and

a aré constants known to depend on both lattice type
and spin maghitide. We assume that (1) holds for
¥ large and « small.'® This paper examines the
universality of the function D(x= k%) for T> T,.

Only for the fec lattice and 5= § are existing
series data good enough to infer D directly.'® For
other situations we probe D by examihing the spher-
ical moments u, =3:,7"T'(¥, T). As k=0, the cor-
relation length becomes longer than any fixed lat-
tice spacing and one may econvért the divergent part
of the su to an integral. Using (1), one finds!

1, () = 41at* Uk 4 (less-sihgular terms),  (2)
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provided n >~ 2+ 17, where
U,= f: dx x™1-"D(x) . 3)

Moment ratios such as p,u,/ My with n+m=k+1
are finite at T, (= U,U,,/U,U,) and independent of
the nonuniversal constants k, and a. For conve-
nience we will analyze the symmetrical quantities

an (T) = I‘Ln“m/(p‘(mm) /z‘)2 . ‘ (4)

Universality of the numbers R,,,(T,)= U,U,/
(Ulmeny /z)z provides direct evidence for the univer-
sality of D(x).

It is important to examine which moments test
universality most sharply. For sufficiently large
n, U, depends predominantly on D(x) at large x
=kv. However, it is known!*!? that for x>7 the
correlations are of the Ornstein-Zernicke (0OZ)
form D(x)/x*" ~x"le~*, If the maximum of the in-
tegrand of (3) is in the OZ region, then x,,,=n+1
and the corresponding moments and moment ratios
probe nothing more than the well-known OZ struc-
ture. The crucial values of #» and m in (4) are,
therefore, —2+n<m, n<—1+17, If either n or m
violate the lower bound, the estimate (2) fails. If
both # and m violate the upper bound, one verifies
easily that Oz

Ryn(T) =T+ 2)T(m+2)/[T(3n+m)+ 2)* . (5)
III. ANALYSIS

We have available the high-temperature series
through order (J/kT)' for the correlation function
I'(%, T) of the three-dimensional Ising model for
various lattices and spin magnitudes.”'® We form
12th-order series for the spherical moments u,(7T)
and the moment ratios R,,(T). Extrapolation of
these series to T, provides the needed information,
as explained after (4). A basis for this extrapola-
tion is provided by scaling.

According to (2), the leading divergence of i,
should go as k™"2*"~e"" [y=p(2~n)], an hypo-
thesis which is borne out by careful analysis. "3
Thus,

U, =4ma*" U [e"" + B,(T)] , (6)

where B,(T) is less singular than €™, For S=3,
B,(T) may be analytic, For S>3, the evidence’
suggests that €”*"B (7') may vanish with € like €°,
L1<o<1. The analysis outlined below assumes for
simplicity that B,(7) is nonsingular. Results in
practice are independent of any singularity assumed
for B,(T) provided that it is appreciably less sin-
gular than the leading term (unless y+nv ~0). It
follows from (4) and (6) that R,,(T) may be expanded
for small € as

Ry (T) = Ry (T )1 + €™ B, (T) + €™ B,,(T)
- 2€y+(mm)ll/2B("+m) /2(T)+ o ] . (7)
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Our extrapolation procedure exploits the most
important (i.e., most slowly convergent) of these
singularities. Suppose, for example,

Ron(T) = 20 P4 (J/RT) ~Ripy (To) (L + BEY) . (8)
1=1
This predicts that the partial sums
N
Ry (T) = 2 po (J/RT)!
1=1

approach R,,,(T) for T near T, in the same way that
the partial sums in the Taylor expansion

(A= T, /TV = 2 ¢;0) (T,/T)}

1=0
approach €*, Thus

Ron(T) = RY(T)= Bfy(T) ,

fD= 5 e@T/T) )
which holds for T~ 7,. If we put T=T,, then the
unknowns in (9) are R,,(T,) and B; thus any two
consecutive values of N yield a pair of linear equa~
tions in two unknowns from which R,,(T,) may be
determined. Successive estimates of R,,(T,) im-
prove as N increases, since!* for large N, fy(T)
~1/N*, and corrections to (9) from additional
terms!® on the right-hand side of (8) (+ Ce”+--+)
vanish as 1/N?, y>x. To include in the analysis
these more convergent terms of (8), one can use
three consecutive values of N and solve three linear
equations for R,,(7,), B, C, and so forth. One
thus builds up a table of estimates for R, ,(T.)
much like an ordinary Neville table. 6

IV. DEPENDENCE OF SPIN-1 CRITICAL CORRELATIONS
ON LATTICE STRUCTURE

In extrapolating the spin-3 ratios we use the well~

established values of the critical indices'® y=1.25
and v=0.6383:5%  and assume that the B,(T)’s are
analytic in €, Shown in Table I are the results of
such extrapolations for various ratios of interest
for the three cubic lattices as well as the OZ pre-
dictions for these ratios. Ratios with only large
moments agree well with the OZ result. Even
though ratios with small moments deviate signifi-
cantly from OZ, they are independent of lattice
effects to within uncertainties.

These results are open to the criticism that, even
though the ratios depend most strongly on the large
7 behavior of I'(T, T), our series derive most of
their information from correlations at short dis-
tances. In an attempt to test the effect of the short-
range correlations on these ratios, we formed the
ratio series omitting nearest-neighbor correla-
tions, and extrapolated the ratios as described
above. We found that the tables were much less
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TABLE I. Extrapolated S=% moment ratios R,,(T,) for the cubic lattices with corresponding OZ values.

R, 0Z fce bee sc

n m

2 L 7.425 8.29 +0.10 8.30 £0.34 8.1 0.3
& -r 10. 929 12.25 £0.20 12.30 +0.10 12,34  0.11
+ L 16. 036 17.74 £0.15 17.75 +0.10 17.68 +0.20
1 -3 3.000 3.08 0,02 3.10 +0.06 3.11 0,07
1 -2 4.197 4,33 £0.07 4.33  £0.06 4,37 %0.06
3 -2 5.891 6.07 £0.06 6.076 +0.030 6.07 +0,07
i - 1.7677 1.790 £0.010 1.80 +0.03 1.796 +0.025
-1 -5 1.3709 1.385 %0.010 1.386 +0.035 1.386 +0.060
-3 -1 1.0787 1.0810 £0. 0010 1.0825 0. 0034 1.082 =0, 007
1 -1 1.5718 1.580 +0.010 1.587 +0.010 1.588 +0.011
2 1 1.08657 1.0865 0. 0003 1. 0865 +0. 0003 1.0864 0. 0003

well behaved than previously and that there were
large, slow variations in the table about the values
quoted in Table I. That is, from these extrapola-
tions we quote approximately the same values as
in Table I with larger uncertainties.

We feel that this evidence rather strongly sup-
ports the hypothesis that the critical correlations
are universal with respect to lattice type.

V. DEPENDENCE OF fcc CRITICAL CORRELATIONS ON
SPIN MAGNITUDE

Susceptibility and moment series for S> $ are
harder to analyze than those for S=3. Careful
analysis’ of long series has only been done for the
fcc lattice, The presence of confluent singularities
of the form X ~Ae™(1+ Be*), where x~3 (A and B
are spin dependent), has been suggested. It can
plausibly be argued that y=% for all S; however,
the correlation index is ambiguous and the $>
data can be interpreted either with the scaling val-
ue v=0.625= (2- @)/d or with the S= $ value v
=0,638. The scaling choice v=0.625 [which implies

via y=v(2~n) that 7=0] is, of course, already a
violation of universality. Recent work by Migdal'’
suggests a mechanism by which such apparent vio-
lations may be produced in three-dimensional sys-
tems.

Our extrapolative estimates of R,,(T,) are very
sensitive to the values of y and v assumed. This is
particularly true of ratios containing small mo-
ments like u_;,4 for which y+#nv ~0. To illustrate
the situation, we have analyzed the moment ratios
R, 14(T,) with n=}and § for S=4, 1, 2, =, In this
analysis we take

Ry, 1/4(T)=R, 4 ,4(TJ)+ Be™/4

(10)

The € dependence of the higher-order corrections

is conjectural as mentioned above, and thus, in or-
der not to prejudice the analysis, we incorporate
the higher-order corrections by an ordinary Neville
table. These tables are somewhat less regular than
those used in Sec. IV and uncertainties are corre-

+ (higher-order terms).

TABLE II. Selected moment ratios for S=3, 1, 2, « for different assumed values of the correlation index v.
Y :54' was assumed throughout.
S 1
3 1 2 L)

R340 /4T \ :

0.625 7.50+0.15 7.60+0,15 7,.70%0.25 7.5 0.2

0.638 8.2 %0.1 8.28+0.15 8.33+0.15 8,2 +0.2
Rg 45 — 1/4(T0)

0.625 11,1 +0.2 11.20+0.15 11,20+0.15 11,00+0.15

0.638 12.20+0.10 12.10+0.20 12,20+0,20 12,20+0,15
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spondingly larger. The analysis was done with
v=0.638 and v=0.625. Results are shown in Table
II. OZ values for the two moments shown are
7.425 and 10.929.

If v=0.638, then these results are consistent

FERER, MOORE, AND WORTIS 3

with universality. If v=0.625 (n=0), then our ex-
trapolations are in suggestive agreement with OZ,
The close connection between v and the moment-
ratio extrapolants precludes resolution of this am-
biguity.
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A model band structure due to Rice which exhibits a “cusp” Kohn singularity has been

used to evaluate the dynamic susceptibility of nearly itinerant antiferromagnets.

The spin-

fluctuation dispersion relation is derived for such systems, and it is shown that the contri~
bution of the spin fluctuations to the electronic specifi¢c heat contains anomalous terms in

contrast with the calculations of Moriya.

I. INTRODUCTION

The behavior of spin fluctuations in nearly ferro-
magnetic metals and alloys has been the subject of
many recent research papers. ! However, spin
fluctuations in nearly antiferromagnetic metals and

alloys have received little attention. There are two
reasons for this situation: (i) The only itinerant
antiferromagnets that have been thoroughly investi-
gated experimentally are pure Cr and its alloys.

(ii) The band structure of Cr is essential for an un-
derstanding of the nature of the antiferromagnetic



